The electrophoresis in a monodisperse suspension of dielectric spheres with an arbitrary thickness of the electric double layers is analytically studied. The effects of particle interactions are taken into account by employing a unit cell model, and the overlap of the double layers of adjacent particles is allowed. The electrokinetic equations, which govern the ionic concentration distributions, the electric potential profile, and the fluid flow field in the electrolyte solution surrounding the charged sphere in a unit cell, are linearized assuming that the system is only slightly distorted from equilibrium. Using a perturbation method, these linearized equations are solved with the surface charge density (or zeta potential) of the particle as the small perturbation parameter. 
INTRODUCTION
A charged colloidal particle suspended in an electrolyte solution is surrounded by a diffuse cloud of ions carrying a total charge equal and opposite in sign to that of the particle. This distribution of fixed charge and diffuse ions is known as an electric double layer. When an electric field is imposed on a suspension of charged particles, a force is exerted on both parts of each double layer. The particles are attracted toward the electrode of their opposite sign, while the ions in the diffuse layers migrate in the other direction. This particles' motion is called electrophoresis and has been applied to the particle characterization and separation in a variety of colloidal and biological systems. On the other hand, the fluid is dragged to flow by the motion of the particles and the ions, and there is an electric current through the suspension to produce. To find out the transport properties such as the average electrophoretic mobility or the effective electric conductivity of the suspension, it is necessary to first determine the distributions of the electric potential, ionic concentrations, and fluid velocity in the electrolyte solution.
The first analysis on electrophoresis of a particle which took into account the finite thickness of the electric double layer was conducted by Henry (1) . Assuming that the double layer is not distorted from the equilibrium state, he derived an analytical expression for the electrophoretic mobility of a dielectric sphere (and of an infinitely long cylinder) of radius a with small zeta potential ζ for the entire range of κa, where κ −1 is the Debye screening length. For the two extreme cases κa → ∞ and κa → 0, this result reduces to the well-known Smoluchowski equation and Huckel expression, respectively. Later, Booth (2) extended Henry's analysis to include the effect of ionic convection in the diffuse layer and determined the electrophoretic mobility of a charged sphere as a power series in ζ . Taking the double-layer distortion from equilibrium as a perturbation, O'Brien and White (3) improved an earlier attempt made by Wiersema et al. (4) to obtain a numerical calculation for the electrophoretic mobility of a dielectric sphere in electrolyte solutions which was applicable to arbitrary values of ζ and κa. The numerical results show that the polarization effect (or relaxation effect) of the double layer impedes the particle's movement because an opposite electric field is induced in the distorted ion cloud, which acts against the motion of the particle. This polarization effect vanishes for the situation of very low ζ and for the two limiting cases κa → ∞ and κa → 0.
The basic electrokinetic equations describing the electrophoretic phenomena in a suspension of colloidal particles also govern the effective electric conductivity of the suspension. Dukhin and Derjaguin (5) derived a simple formula for the electric conductivity of a dilute suspension of charged particles by considering an infinite plane slab of suspension immersed in an infinite homogeneous electrolyte subjected to an electric field perpendicular to the plane slab. Extending this analysis, Saville (6) and O'Brien (7) assumed that the particles and their electric double layers occupy only a small fraction of the total volume of the suspension to obtain approximate formulas for the effective conductivity using a perturbation method for particles with low ζ immersed in a symmetrically charged electrolyte correct to O(ζ 2 ). Their results show some discrepancies with the experimental data reported by Watillon and Stone-Masui (8) , who measured the surface conductances of a number of monodisperse polystyrene latices over a range of particle volume fractions. Later, approximate analytical expressions for the electrophoretic mobility and the electric conductivity of dilute suspensions of colloidal spheres in symmetric electrolytes correct to order (κa) −1 were obtained by Ohshima et al. (9) . When the zeta potential of the particles is small, their reduced result is in agreement with those of Henry (1) and O'Brien (7) . Recently, analytical expressions for the electrophoretic mobility and the electric conductivity of dilute suspensions of charged porous spheres (10) and charged composite spheres (11) with an arbitrary value of κa were derived under the assumption that the densities of the particles' fixed charges are low.
In practical applications of the electrophoretic mobility and the effective electric conductivity, relatively concentrated suspensions of particles are usually encountered, and effects of particle interactions will be important. To avoid the difficulty of the complex geometry appearing in assemblages of particles, unit cell models were often employed to predict the effects of particle interactions on the mean sedimentation rate in a bounded suspension of identical uncharged spheres (12) . These models involve the concept that an assemblage can be divided into a number of identical cells, one sphere occupying each cell at its center. The boundary value problem for multiple spheres is thus reduced to the consideration of the behavior of a single sphere and its bounding envelope. The most acceptable of these models with various boundary conditions at the outer (virtual) surface of a spherical cell are the so-called "free-surface" model of Happel (13) and "zero-vorticity" model of Kuwabara (14) , the predictions of which have been tested against the experimental data. Using the Kuwabara cell model, Levine and Neale (15) derived a complicated analytical expression for the electrophoretic mobility in a suspension of identical charged spheres with small ζ and arbitrary κa as a function of the fractional volume concentration of the particles. In the limiting case of a dilute suspension, their result reduces to that obtained by Henry (1) . Later, the Kuwabara cell model was also used by Davis and coworkers (16) (17) (18) , Ohshima (19, 20) , and Lee et al. (21) to predict the electrophoretic mobility of charged spheres in concentrated suspensions and/or the electric conductivity of the suspensions.
All the previous analyses for the electric conductivity of suspensions of charged particles using the cell model (16, 18, 20) were based on the assumption that the overlap of the adjacent double layers is negligible on the virtual surface of the unit cell. With this assumption, the effect of the relaxation of the diffuse ions in the double layer within a cell due to the electrophoretic motion of the particle, at best, can only be described by simple approximations. Therefore, the application of their results is restricted to the case of charged spheres with relatively thin double layers (e.g., κa ≥ 10). On the other hand, the Kuwabara cell model was chosen in the previous studies (15-21) because it could predict that the electrophoretic mobility in a bounded suspension of identical spheres with κa → ∞ is independent of the volume fraction of particles, while the corresponding prediction of the Happel cell model gives a weak dependency of the mobility on the particle concentration, and because its zerovorticity boundary condition is consistent with the irrotationalflow environment generated by an electrophoretic particle with κa → ∞. In the analysis based on the concepts of interactions between pairs of electrophoretic spheres and statistical mechanics (22) (23) (24) and in a careful experimental study (25) , however, it was found that the electrophoretic mobility in a bounded suspension of identical spheres at large κa decreases gradually rather than remaining unchanged with increasing volume fraction of particles. Also, the fluid flow dragged by an electrophoretic particle surrounded by a double layer with a finite thickness is no longer irrotational. In fact, the Happel model has a significant advantage over the Kuwabara model in that the former does not require an exchange of mechanical energy between the cell and the environment (12) .
In this work, the unit cell model is used to derive the electrophoretic mobility in a relatively concentrated suspension of identical charged spheres and the electric conductivity of the suspension. The overlap of adjacent double layers is allowed and, for the evaluation of the electric conductivity, the relaxation effect in the diffuse layer surrounding each particle is taken into account appropriately. The surface charge density (or zeta potential) of the dielectric particle is assumed to be uniform, but no assumption is made about the thickness of the double layer relative to the dimension of the particle. Both the Happel model and the Kuwabara model are considered. In the next section, we present the fundamental electrokinetic equations and boundary conditions which govern the electrolyte ion distributions, the electrostatic potential profile, and the fluid flow field in a unit cell. These basic equations are linearized assuming that the ion concentrations, the electric potential, and the fluid pressure show only a slight deviation from equilibrium due to the application of the electric field. In Section 3, the electrophoresis of the charged sphere in a cell containing an arbitrary electrolyte solution is considered. Using the Debye-Hückel approximation, we first get the solution of the equilibrium electric potential distribution. The linearized electrokinetic equations are then transformed into a set of differential equations by a perturbation method with the surface charge density of the particle as the small perturbation parameter. The perturbed electrochemical potential, fluid velocity, and pressure profiles are determined by solving this set of differential equations subject to the appropriate boundary conditions. A closed-form expression for the electrophoretic mobility of the charged sphere results from satisfying the requirement that the net force acting on the cell vanishes. In Section 4, the average electric current density in a concentrated suspension of identical charged spheres is derived, and an explicit formula for the effective electric conductivity is obtained. Finally, analytical expressions in some limiting cases and typical numerical results of the electrophoretic mobility and electric conductivity for a suspension of charged spheres are presented in Section 5.
Comparisons of the previous analyses neglecting the overlap of the adjacent double layers and some experimental results with our calculations are made.
BASIC ELECTROKINETIC EQUATIONS
We consider a statistically homogeneous distribution of identical charged spherical particles in a bounded liquid solution containing M ionic species. When the suspension is subjected to a uniform applied electric field E ∞ e z , the colloidal particles migrate with a velocity equal to U e z at the steady state due to electrophoresis, where e z is a unit vector (in the positive z direction). Gravitational effects are ignored. As shown in Fig. 1 , we employ a unit cell model in which each particle of radius a is surrounded by a concentric spherical shell of suspending solution having an outer radius of b such that the particle/cell volume ratio is equal to the particle volume fraction ϕ throughout the entire suspension; viz., ϕ = (a/b) 3 . The cell as a whole is electrically neutral. The origin of the spherical coordinate system (r, θ, φ) is taken at the center of the particle and the axis θ = 0 points toward the positive z direction. Obviously, the problem for each cell is axially symmetric about the z-axis.
Conservation of all ionic species, which do not react with one another, requires that
where J m (r, θ) is the number flux distribution of species m. If the solution is dilute, the flux is given by
FIG. 1. Geometric sketch of a spherical particle undergoing electrophoresis at the center of a spherical cell.
where n m (r, θ), D m , and z m are the concentration (number density) distribution, diffusion coefficient, and valence, respectively, of species m; u(r, θ) is the fluid velocity field relative to the particle; ψ(r, θ) is the electric potential distribution; e is the elementary electric charge; k is Boltzmann's constant; T is the absolute temperature. The first term on the right-hand side of Eq. [2] represents the convection of the ionic species by the fluid motion and the second term denotes the diffusion and electrically induced migration of the species.
We assume that the Reynolds number of the fluid motion is vanishingly small, so the inertial effect on the fluid momentum balance can be neglected. The fluid flow is governed by the Stokes equations modified with the electrostatic effect,
where η is the viscosity of the fluid and p(r, θ) is the fluid pressure distribution. The local electric potential ψ and the space charge density are related by Poisson's equation,
In this equation, ε = 4πε 0 ε r , where ε r is the relative permittivity of the electrolyte solution and ε 0 is the permittivity of a vacuum. In Eqs. [2] , [3] , and [5] , D m , η, and ε r , are assumed to be constant in the fluid phase.
The boundary conditions at the surface of the dielectric particle are
where e r is the unit normal outward from the particle surface and σ is the surface charge density of the particle. In Eq.
[6a], we have assumed that the "shear plane" coincides with the particle surface. Equations [6b] and [6c] state that no ions can penetrate into the particle and the Gauss condition holds at the surface of the particle. The effect of conductance behind the shear plane is neglected.
At the outer (virtual) surface of the cell, the local electric field is parallel to the uniform applied field E ∞ e z . Thus, the boundary conditions there are
where µ E is the electrophoretic mobility of the charged dielectric sphere, and u r and u θ are the r and θ components, respectively, of u. Note that the Happel cell model (13) assumes that the radial velocity and the shear stress of the fluid on the outer boundary of the cell are zero, while the Kuwabara cell model (14) assumes that the radial velocity and the vorticity of the fluid are zero there. Because the reference frame is taken to travel with the particle, the radial velocity given by Eq.
[7c] is generated by the particle velocity in the opposite direction. The conditions [7c] and [7b] imply that there are no net flows of fluid and ionic species between adjacent cells; they are valid because the suspension of the particles is bounded by impermeable and inert walls. Thus, the effect of the backflow of fluid occurring in a closed container is included in both cell models.
Because the governing equations are coupled nonlinear partial differential equations, it is a formidable task for finding a general solution of them. Therefore, we shall assume that the system is only slightly distorted from the equilibrium state, where the particle and fluid are at rest, and replace these nonlinear equations by approximate linear equations. One can write
where p (eq) (r, θ), n (eq) m (r ), and ψ (eq) (r ) are the equilibrium distributions of pressure, concentration of species m, and electric potential, respectively, and δp(r, θ), δn m (r, θ), and δψ(r, θ) are the small perturbations to the equilibrium state. The equilibrium concentration of any species is related to the equilibrium potential by the Boltzmann distribution,
Here, n ∞ m is the concentration of the type m ions in the bulk (electrically neutral) solution where the equilibrium potential is set equal to zero. Note that ψ (eq) and n (eq) m depend on r only due to spherical symmetry.
Substituting Eq. [8] into Eqs. [1] and [3] , canceling their equilibrium components, using Eqs. [5] and [9] , and neglecting the products of the small quantities u, δn m , and δψ, one obtains
Here, δµ m is defined as a linear combination of δn m and δψ based on the concept of the electrochemical potential energy (7),
The boundary conditions for δµ m resulting from Eqs. [6] and [7] and their equilibrium state are
The fluid velocity u is a small perturbed quantity, and the boundary conditions for u have been given by Eqs. . The boundary condition of the electric potential at the virtual surface r = b may be taken as the distribution giving rise to the applied field E ∞ e z in the cell when the particle does not exist. In this case, Eq. [7a] becomes
Accordingly, Eq. [14] is replaced by
Note that in all the previous studies (15-21) on the electrophoretic mobility and/or electric conductivity of suspensions of charged particles using the unit cell model Eq.
[7a] or [14] has been chosen exclusively as the boundary condition for the potential distribution at the virtual surface of the cell.
SOLUTION OF THE ELECTROKINETIC EQUATIONS AND ELECTROPHORETIC MOBILITY
Before solving for the problem of electrophoresis of a charged sphere in a unit cell filled with the solution of M ionic species with constant bulk concentrations n ∞ m , we need to determine the equilibrium electric potential first. The equilibrium potential ψ (eq) satisfies the Poisson-Boltzmann equation, resulting from the substitution of the Boltzmann distribution [9] into Poisson's equation [5] , the boundary condition [6c], and the requirement of no electric current passing through the virtual surface r = b at equilibrium. It can be shown that
, [17] whereσ = 4πeσ/εκkT , which is the nondimensional surface charge density of the particle, and
with
[19]
Here, κ is the Debye-Hückel parameter equal to
Expression [17] for ψ (eq) as a power series in the surface charge density of the particle up to O(σ ) is the equilibrium solution for the linearized Poisson-Boltzmann equation that is valid for small values of the electric potential (the Debye-Hückel approximation). That is, the surface charge density must be small enough for the potential to remain small. Note that the contribution from theσ 2 term to ψ (eq) in Eq. [17] disappears for the case of symmetric electrolytes.
To solve for the small quantities u, δp, δψ, and δµ m and the particle mobility µ E for the case of small parameterσ , these variables are written as perturbation expansions in powers ofσ ,
where the functions u i , p i , ψ i , µ mi and µ Ei are independent of σ . The zeroth-order terms of µ E , u, and δp disappear because an uncharged particle will not move by applying an electric field. It is easy to show that
where the coefficient χ equals 1 − ϕ when the condition [14] is used, and equals 1 + ϕ/2 when the condition [16] is used. Substituting the expansions given by Eq. [20] and ψ (eq) given by Eq. [17] into the governing equations [4] , [10] , and [11] [13] , and [14] or [16] , and equating like powers ofσ on both sides of the respective equations, one can derive a group of linear differential equations and boundary conditions for each set of functions u i , p i , and µ mi , with i equal to 1, 2, . . . . After collecting the first-order terms in the perturbation procedure, we obtain
with r = a:
The solutions for µ m1 , p 1 , and the r and θ components of u 1 subject to Eqs. [22] - [25] are
where the functions F 1r (r ), F 1θ (r ), F p1 (r ), and F m1 (r ) are defined by Eqs.
[A1] and [A2] in the Appendix. Since the unit cell as a whole is electrically neutral, the net force exerted on its virtual surface must be zero. Applying this constraint to Eqs. [26] and [A1], one can obtain the first-order term for the electrophoretic mobility of the dielectric sphere expressed as
for the Happel model, and
for the Kuwabara model. In Eq.
[28], the function ψ eq1 (r ) is given by Eq. [18] and ω and ω are functions of ϕ defined by Eq.
[A9]. Taking χ = 1 − ϕ (viz., using the boundary condition [14] for the electric potential at the virtual surface of the cell), one can find that Eq.
[28b] is identical to the formula derived by Levine and Neale (15) for the electrophoretic mobility. Among the second-order terms in the perturbation procedure, the only distributions we need in the following calculations are the electrochemical potential energies µ m2 . If the solution contains only a symmetrically charged, binary elec-
∞ , where the subscripts + and − refer to the cation and anion, respectively), the equation governing µ ±2 is
The boundary conditions for µ ±2 are given by Eqs. 
where the functions F ±2 (r ) are defined by Eq.
[A10]. Using Eqs. [17] - [19] , one obtains a relation between the surface potential and the surface charge density of the dielectric sphere at equilibrium,
where
, which is known as the zeta potential of the particle, and γ = κa(ϕ −1/3 − 1). Substitution of Eq.
[31] into Eq.
[20e] results in an expression for the electrophoretic mobility of the particle as a perturbation expansion in powers of ζ ,
[32]
Note that, for the case of a symmetric electrolyte, µ E2 , the contribution from the term of σ 2 or ζ 2 to µ E disappears. Also, the relaxation effect of the diffuse ions in the electric double layer surrounding the particle is not included in Eq.
[32] up to the order ζ .
ELECTRIC CONDUCTIVITY
For a homogeneous suspension of identical spherical particles subjected to a uniform electric field E ∞ , the effective conductivity can be determined from the solution for the fluid velocity and electrochemical potentials obtained in the previous section. The average of the local electric field (E = −∇ψ) can be expressed as
where V denotes a sufficiently large volume of the suspension to contain many particles. To obtain Eq.
[33], we have used Eq.
[8c] and the fact that the volume average of the gradient of the equilibrium electric potential is zero. There is a resulting volume-average current density, which is collinear with E , defined by
where i(x) is the current density at position x. The effective electric conductivity of the suspension can be assigned by the linear relation
For a solution containing M ionic species, the current density i can be written as
[36]
Substituting Eqs. [2] , [8] , and [12] into the above equation and neglecting products of the small perturbation quantities, one has
If the current density distribution reduced from the above equation by taking n [38]
In a statistically homogeneous suspension with constant bulk ionic concentrations, the volume average of ∇δn m is zero. According to the definition of Eq. where r is the position vector relative to the particle center and V /N = 4π b 3 /3. To obtain Eq.
[39], the requirement of the conservation of electric charges (∇ · i = 0) and Eq. [37] have been used. In Ohshima's analysis (20) , the effect of overlapping double layers was neglected on the virtual surface of the cell (i.e., n 
Substituting Eqs. [21] , [26] , [27] In this expression,
for a general electrolyte, and
for a symmetrically charged electrolyte. In Eqs.
[43] and [44], the function ψ eq1 (r ) is defined by Eq. [18] . Note that the coefficients H, I, and J 2 are independent of the boundary condition for the fluid velocity prescribed at the virtual surface of the unit cell. In Eq.
[41], the polarization effect (or relaxation effect) in the double layer surrounding each particle caused by the convection of the fluid appears only through the coefficient J 1 of the O(ζ 2 ) term, while this effect generated from the applied electric field directly is contained in the coefficients I and J 2 . The numerical results of these coefficients and the normalized electric conductivity / ∞ calculated from Eqs.
[41]-[44] as functions of the parameters κa and ϕ will be discussed in the next section.
RESULTS AND DISCUSSION
In this section, we first consider several limiting cases of the expressions [32] and [41] for the electrophoretic mobility and electric conductivity of suspensions of identical charged spheres. The correctness of these expressions may be confirmed by examining some of these limiting cases for which analytical solutions are already known. Numerical results of the general cases will then be presented.
In the limit of a very dilute suspension (ϕ → 0), Eqs. 
where E n is a function defined by 
(for the Kuwabara model),
[49b]
When the boundary condition [14] is used (viz., χ = 1 − ϕ), the leading terms in Eq.
[49] for the electrophoretic mobility are identical to the formulas derived by Levine and Neale (15) 
(for the Happel model),
[51a]
[51b]
[52]
In Fig. 2 and [31b] are plotted versus κa with ϕ as a parameter for both the Happel and Kuwabara models. In this figure, the coefficient χ is included in the mobility definition to eliminate the effect of the boundary condition for the electric potential prescribed at the virtual surface of the unit cell. It can be seen that this dimensionless mobility is a monotonic decreasing function of ϕ for a given value of κa. Also, for a fixed value of ϕ, the particle mobility decreases monotonically with a decrease in κa (or with an increase in the double-layer overlap). When κa = 0, µ E = εζ /6πη as ϕ = 0 and µ E = 0 for all finite values of ϕ. Thus, when the double layers are thick (say, κa ≤ 0.2), the particle concentration effect on the electrophoretic mobility is significant even in fairly dilute suspensions. For concentrated suspensions, this effect is evident for even relatively thin double layers. Figure 2 illustrates that, for any combination of κa and ϕ, the Kuwabara model predicts a smaller value (or a stronger particle concentration dependence) for the electrophoretic mobility than the Happel model does. This occurs because the zero-vorticity model yields a larger energy dissipation in the cell than that due to particle drag alone, owing to the additional work done by the stresses at the outer boundary (12) .
The results for the normalized electrophoretic mobility 4πηµ E /εζ for a suspension of spherical particles are plotted as a function of ϕ in Fig. 3 for various values of κa. The calculations are presented up to ϕ = 0.74, which corresponds to the maximum attainable volume fraction for a swarm of identical spheres (15) . When the boundary condition [7a] or [14] for the electric potential at the virtual surface of the cell is used, the normalized mobility is a monotonic decreasing function of ϕ for a given finite value of κa (and equals unity as κa → ∞, regardless of the value of ϕ) for the case of the Kuwabara model. However, for the case of the Happel model, the particle mobility is not a monotonic function of ϕ and has a maximum for a fixed value of κa greater than about unity. The location of this maximum shifts to greater ϕ as κa increases. For a constant value of κa less than about unity, this mobility is still a monotonic decreasing function of ϕ. On the other hand, when the boundary condition [15] or [16] for the electric potential at the outer surface of the cell is used, both the Happel and Kuwabara models predict that the electrophoretic mobility decreases monotonically with an increase in ϕ for a given value of κa. For an arbitrary combination of κa and ϕ, the value of the electrophoretic mobility calculated using the boundary condition [14] is always greater than that calculated using the boundary condition [16] .
In theoretical studies based on the reflection solution of interactions between pairs of electrophoretic spheres together with the concepts of statistical mechanics (26) and on the multipoleexpansion solution of electrokinetic properties in a cubic cell filled with randomly placed spheres (27) as well as in an experimental investigation on the electrophoresis of human erythrocytes (25) , it has been found that the mean electrophoretic mobility in a bounded (dilute or concentrated) suspension of identical spheres with κa ≥ 20 decreases monotonically with an increase in ϕ. Thus, the boundary condition [14] for the cell   FIG. 3 . Plots of the normalized electrophoretic mobility 4πηµ E /εζ in a suspension of identical spheres versus ϕ with κa as a parameter: (a) the Happel model and (b) the Kuwabara model. The solid and dashed curves represent the calculations using the boundary conditions [14] and [16] , respectively. model is not as accurate as the boundary condition [16] in comparison with these theoretical results and experimental data. This outcome is probably due to the fact that the angular component of the potential gradient at the outer boundary of the cell is not specified in Eq. [7a] or [14] . In Fig. 4 , a comparison between some experimental data of the normalized electrophoretic mobility 4πηµ E /εζ for bounded suspensions of identical spheres with κa → ∞ as a function of ϕ (25) and our results of Eq. [49] for the Happel and Kuwabara models using the boundary condition [15] or [16] for the electric potential at the virtual surface of the cell is provided. Some other relevant theoretical predictions (22) (23) (24) 27 ) are also plotted in this figure for comparison. It can [49] for the Happel and Kuwabara models, respectively, using the boundary condition [16] . Curve d denotes the prediction from statistical mechanics, 4πηµ E /εζ = 1 − (3/2)ϕ + O(ϕ 2 ) (22-24). The points are numerical results obtained by Kang and Sangani (27) .
be seen that the prediction from the Happel model agrees quite well with the experimental data, while the result of the Kuwabara model differs little from the other theoretical predictions.
The dimensionless coefficient H 2 I of the O(ζ ) term in Eq.
[41] for the effective conductivity of a suspension of identical charged spheres is plotted in Fig. 5 as a function of the parameters κa and ϕ. It can be seen that the coefficient H 2 I is always a negative value and thus the presence of the particle charges reduces the magnitude of the effective conductivity for any volume fraction of particles in the suspension if the product of β and ζ is positive and increases this magnitude if βζ < 0. For a given value of κa the effect of the particle charges on the effective conductivity is maximal at some value of ϕ and vanishes as ϕ = 0. The location of the maximum in −H 2 I shifts to greater ϕ as κa increases. On the other hand, for a fixed value of ϕ, −H 2 I is a monotonic decreasing function of κa and approaches zero as κa → ∞. When ϕ is not too large (≤0.5), the value of −H 2 I calculated using the boundary condition [14] is always greater than that calculated using the boundary condition [16] .
The dimensionless coefficient H 2 J 1 of the O(ζ 2 ) term in Eq.
[41] is plotted in Fig. 6 for various values of κa and ϕ. Unlike the coefficient H 2 I (and H 2 J 2 ), the value of H 2 J 1 depends on the boundary condition for the fluid velocity at the virtual surface of the unit cell. It can be found that the value of H 2 J 1 predicted by the Happel model is larger than that predicted by the Kuwabara model, but in general, the difference is small. For a specific value of κa, H 2 J 1 is not a monotonic function of ϕ and has a maximal value. The location of this maximum shifts to greater ϕ as κa increases. Also, for a constant value of ϕ, a maximum of the coefficient H 2 J 1 would appear. As ϕ increases, the maximum occurs at larger κa. In the limit of ϕ = 0 or κa → ∞, H 2 J 1 = 0. Figure 7 shows plots of the dimensionless coefficient H 2 J 2 of the O(ζ 2 ) term in Eq.
[41] for various values of κa and ϕ. In general, the trend of the dependence of H 2 J 2 on κa and ϕ is quite similer to that for H 2 I , but the magnitude of H 2 J 2 is smaller. Depending on the combination of κa and ϕ, the value of H 2 J 2 calculated using the boundary condition [14] can be either greater or smaller than that calculated using the boundary condition [16] .
FIG. 5. Plots of the dimensionless coefficient H
[41] for the electric conductivity of a suspension of identical spheres versus the parameters κa and ϕ. The solid and dashed curves represent the calculations using the boundary conditions [14] and [16] , respectively. (7) correct to O(ζ 2 ) for a dilute suspension and by Ohshima (20) correct to O(ζ ) using the Kuwabara cell model and boundary condition [14] without consideration of the overlap of the adjacent double layers on the virtual surface of the cell are also exhibited in this figure for comparison. It can be seen that all of these theoretical analyses underpredict the experimental results. (In contrast, a recent numerical calculation involving a finite-difference method for the electric conductivities of these two suspensions based on the Kuwabara   FIG. 7 . Plots of the dimensionless coefficient H 2 J 2 in Eq.
[41] for the electric conductivity of a suspension of identical spheres versus the parameters κa and ϕ. The solid and dashed curves represent the calculations using the boundary conditions [14] and [16] , respectively. [41] for the Happel model using the boundary conditions [14] and [16] , respectively. Curves c and d represent the predictions of O'Brien (7) and Ohshima (20) , respectively. Curve e denotes our result of the Kuwabara model using the boundary condition [14] correct to O(ζ ) only.
cell model and boundary condition [14] neglecting the relaxation effect (18) overpredicts the experimental results.) When the contribution of the O(ζ 2 ) term is included, our results are closer to the experimental data than O'Brien's analysis is, presumably because we have considered the effect of particle interactions in the suspension. Note that the particle interaction effect on the effective conductivity determined by using the boundary condition [16] is stronger than that calculated using the boundary condition [14] . Again, condition [14] is less accurate than condition [16] for the cell model in comparison with the experimental data.
In the previous cell-model analyses for the electric conductivity of a suspension of charged particles, it was assumed that the overlap of the electric double layers of adjacent particles could be neglected (16, 18, 20) . It would be of interest to know whether this assumption is valid in typical situations. In Fig. 8 , our calculations of / ∞ relaxing this assumption and corresponding to Ohshima's analysis (correct to O(ζ ) using the Kuwabara cell model and boundary condition [14] ) are also presented for a comparison. It can be seen that the analysis with nonoverlapping double layers underestimates the conductivities of the two suspensions with κa in the order of unity; the errors increase with the volume fraction of the particles and can be meaningful. Comparison between curves a and e in Fig. 8 also indicates that the errors in the effective conductivity owing to neglect of the O(ζ 2 ) contribution are quite significant.
SUMMARY
In this paper, the steady-state electrophoresis in a homogeneous suspension of identical charged spheres in an electrolyte solution with an arbitrary value of κa is analyzed by employing the Happel and Kuwabara cell models. Solving the linearized electrokinetic equations applicable to the system of a sphere in a unit cell by a regular perturbation method, we have obtained the electrochemical potential energies of the electrolyte ions and the fluid flow field. The requirement that the total force exerted on the unit cell is zero leads to Eq. [28] or [32] for the electrophoretic mobility of the charged sphere correct to the order σ or ζ . It is found that, with the use of the Debye-Hückel approximation, the normalized electrophoretic mobility is a monotonic increasing function of κa for constant values of the volume fraction of particles. Based on the solution for the fluid velocity and electrochemical potentials in a unit cell, an explicit formula, Eq.
[41], for the effective conductivity of the suspension is obtained as a power series in the zeta potential of the particles up to O(ζ 2 ). According to this formula, the particle charges can result in an increase or a decrease in the effective conductivity relative to that of a corresponding suspension of uncharged particles, depending on the diffusion coefficients of the electrolyte ions and the sign of the particle charges. Our results show that the previous analyses for the electric conductivity of suspensions of charged particles with nonoverlapping double layers can be in significant error in typical situations. Comparisons of the results of the electrophoretic mobility and the effective conductivity between the Happel model and the Kuwabara model with different conditions for the electric potential at the outer boundary of the cell have been provided.
Equations to give a good approximation for the case of reasonably high zeta potential (with an error of about 5% in a KCl solution and less than 2% in a HClO 4 solution for the case of ζ e/kT = −2) (7). Also, comparing with the numerical solution for the electrophoretic mobility of a charged sphere in KCl solutions obtained by O'Brien and White (3) valid for an arbitrary value of zeta potential, one can find that formula [45] for a dilute suspension of dielectric spheres with low zeta potential is also quite accurate for reasonably high zeta potentials (with errors less than 4% for ζ e/kT ≤ 2). Therefore, our results for Eqs. [32] and [41] might be used tentatively for the situation of reasonably high electric potential. In order to see whether our approximate solution can be extended to the higher values of electric potential, a numerical solution of the electrokinetic equations with no assumption on the magnitude of electric potential would be needed to compare it with the approximate solution.
APPENDIX
The functions F 1r (r ), F 1θ (r ), F p1 (r ), and F m1 (r ) in Eqs. [26] and [27] are listed here: for the Happel model, and and the functions ψ eq1 (r ), F 1r (r ), and F ±1 (r ) are given by Eqs. [18] , [Ala] , and [A2], respectively.
